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Introduction and notation
This paper treats three standard subgroup problems whose solutions were originally an-
nounced between 1974 and 1980. Indeed, the portion of this paper which treats the 2M22 case
was written by the first author in the late 1970s, with the intention of publishing it at that time.
However, in 1979, an error was discovered by Mazet [Ma] in the calculation of the Schur multi-
plier of M22. This caused publication to be postponed; and then it was forgotten. The solution of
the 2M12 standard subgroup problem, among others, was announced by the first author [Ha] at
the Sapporo Conference in 1974. Later, the second author jointly with Finkelstein [FiS] claimed
a solution to the 2M12 standard subgroup problem, but their argument relied on an incorrect
assertion about 4-elements in 2M12. Lastly, in 1980, Griess [Gr] announced the solution of the
standard subgroup problem for 4M22, but his proof remains unpublished as well. In an attempt
* Corresponding author.
E-mail address: solomon@math.ohio-state.edu (R. Solomon).
1 The research of the author was partially supported by NSF grant DMS-0400533.0021-8693/$ – see front matter © 2006 Elsevier Inc. All rights reserved.
doi:10.1016/j.jalgebra.2006.09.034
622 K. Harada, R. Solomon / Journal of Algebra 319 (2008) 621–628to tie up these loose ends in the published record of the classification of the finite simple groups,
we present the following short paper incorporating all of these results.
Theorem. Let G be a finite group with O2′(G) = 1 having a standard subgroup L with
L/Z(L) ∼= M12 or M22 and with |Z(L)| even. Then L is normal in G.
We shall assume that L is not normal in G and derive a contradiction. Certain immediate
reductions are possible. By Aschbacher’s Classical Involution Theorem [A] and the Aschbacher–
Seitz Theorem [AS], we may assume that CG(L) has cyclic Sylow 2-subgroups, and hence a
normal 2-complement. Let t be the unique involution in Z(L). By the Unbalanced Group Theo-
rem, O2′(CG(t)) = 1, and so, as CG(L) CG(t), CG(L) is a cyclic 2-group.
In Section 1, we collect the necessary facts about Aut(M12), Aut(M22), and their 2-fold cov-
ering groups. An easy application of a lemma of Finkelstein will reduce us to the main case:
CG(L) = 〈t〉.
By Q8 ∗ Q8 we shall mean the extraspecial 2-group which is the commuting product of two
quaternion groups of order 8. By D2n and SD2n , we shall mean a dihedral (respectively, semidi-
hedral) group of order 2n.
1. Preliminary lemmas and the 4M22 case
We shall rely throughout on the data in Tables 5.3b, c of [GLS3] for information about the
conjugacy classes and centralizers of elements of prime order in Aut(M12) and Aut(M22). We
shall also rely on data from the Atlas [At] concerning characters, power maps, and centralizers
of elements of order 4 and 8 in these groups and their 2-fold covering groups. Finally, we use
some facts about 2M12 and 2M122 established in [GH] and in [GLS6].
Our first lemma will permit us to show that |CG(L)|2 = 2.
Lemma 1.1. Let K H  Aut(K) with K ∼= M12 or M22 and with H = KQ, where Q ∼= Z4 or
Z4 × Z2. There is no involution a ∈ H with O2′(CH (a))Q CH(a).
Proof. Suppose there is such an involution a. From Tables 5.3b, c of [GLS3], we see that
O2′(CH (a)) = 1, whence Q CH(a). Again by the tables, if a /∈ K , then O2(CH (a)) is elemen-
tary abelian, whence Q is not normal in CH(a). Hence a ∈ K . If a is not 2-central, then K ∼= M12
and J CH(a) with J ∼= A5, whence [Q,J ] = 1. But, by [At], Aut(M12) contains no element of
order 20, a contradiction. Hence a is 2-central. If y ∈ Q of order 4, then yCH (a) Q − Ω1(Q).
Moreover, Aut(Q) is a 2-group. Hence |CK(y)| is divisible by |CK(a)|4 , which is impossible by
inspection of centralizer orders of elements of order 4 in H , as given in [At]. 
Corollary 1.2. Let G satisfy the hypotheses of the Main Theorem with L not normal in G. Let t
be an involution in Z(L). Then L = F ∗(CG(t)) and Z(L) = 〈t〉 = CG(L).
Proof. Lemma 1.1 verifies Hypothesis I of [Fi]. Hence, by Theorem 2 of [Fi], |CG(L)|2 = 2. As
O2′(CG(t)) = 1, the lemma holds. 
We shall assume for the remainder of this paper that Z(L) = 〈t〉. We let L  M with
M/Z(L) ∼= Aut(M12) or Aut(M22). Note that there are two possible isomorphism types for M .
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T ∈ Syl2(M) and set T1 = T ∩L. We shall use bars to denote images modulo Z(L).
The following two omnibus lemmas incorporate the data we shall need in the case L ∼= M12.
Lemma 1.3. Suppose that L ∼= M12. Then the following conclusions hold:
(1) Z(T ) = Z(T1) = 〈z, t〉 ∼= E22 , and Z(T ) contains representatives of the three M-classes of
involutions contained in L;
(2) we may choose notation so that z is a square in T1, but tz is not;
(3) Aut(T1) acts trivially on Z(T1) and Aut(T ) fixes tz;
(4) if y is an involution of L, then yt /∈ yM ;
(5) if x is an involution of T − T1, then CM(x) = 〈t, x〉 × Jx , with Jx ∼= A5 and Z(T )∩ Jx 
= 1.
Moreover, every involution of Lx is in xL.
Proof. We remark first that by Table 5.3b of [GLS3], L has two classes of involutions, and
elements in the non-2-central class lift to elements of order 4 in L, while elements in the 2-central
class lift to involutions in L. Hence there are at most three M-classes of involutions contained
in L. By Lemma III.5.2(i) of [GH], Z(T ) = Z(T1) = 〈t, z〉, with z an involution in T1 − 〈t〉. As
〈t〉 = Z(M) and NM(T ) controls M-fusion in Z(T ), it follows that {t, z, tz} are representatives
of the three M-classes of involutions contained in L, proving (1).
From [At], bearing in mind that Aut(L) has the same orbit structure on conjugacy classes as
on characters, we see that T 1 has exactly one M-class of elements of order 4, i.e., Atlas classes
4A and 4B fuse in M , and these elements square to a 2-central involution of T 1. We may choose
notation so that z is a square in T1. It then follows that each pullback in T1 of an element of
order 4 in T 1 squares to an element of zM . Hence as tz /∈ zM by (1), tz is not a square in T1,
proving (2). Moreover, [At] shows that z is a fourth power in T1 and t is a fourth power in T .
As tz is not a square in T1, tz is not a fourth power in T . Hence Aut(T ) and Aut(T1) both fix tz.
Moreover, both [At] and Table 5.3b of [GLS3] show that non-2-central involutions of L are
not squares in L. Hence t is not a fourth power in T1, whence Aut(T1) acts trivially on Z(T1),
proving (3).
Next, let y be an involution of L and suppose yt ∈ yM . Clearly y 
= t . Hence, for some h ∈ L,
yh ∈ {z, tz}. But (yt)h = yht is not M-conjugate to yh, a contradiction, proving (4). Finally, let x
be an involution of T − T1. By inspection of the full column of character values in [At] for a 2C
element of M , we conclude that |CL(x)| = 120 and xt ∈ xL. By Table 5.3b of [GLS3], CL(x)
contains a subgroup Jx ∼= A5. Now (5) is immediate. 
Lemma 1.4. Suppose that L ∼= M12. Then the following conclusions hold:
(1) if z ∈ tAut(T ) and Ω1(T ) T1, then tz is not a square in T ;
(2) if z ∈ tAut(T ) and Ω1(T ) T1 and h ∈ T with h2 ∈ {t} ∪ zL, then h ∈ T1;
(3) there exists H  T1 with H normal in T , [H,H ] = 〈t〉, and H/〈t〉 ∼= Z4 × Z4. Moreover,
Ω1(H) = Z(H) := E ∼= E8;
(4) Ω1(H) = {e ∈ T : |eT | 2};
(5) {h2: h ∈ H } = {1, z, z1, z2} with {z, z1, z2} = zNL(H);
(6) CT1(E) = H 〈i〉, with i inverting H/〈t〉;
(7) there exists Q T1 with Q characteristic in T and Ω1(Q) := A ∼= E16; and
(8) CT1(A) = A.
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tersection with L-classes of involutions. In the notation of that section, T 1 = H0〈x, y〉 with
H0 ∼= Z4 × Z4, with H0〈y〉 ∼= Z4  Z2, and with x an involution inverting H0. Moreover, each of
the cosets H0x, H0y and H0xy contains exactly four non-2-central involutions of L, while the
three involutions of H0 are 2-central. It follows that T 1 contains exactly 12 non-2-central invo-
lutions, whence T1 contains exactly 24 square roots of t . On the other hand, by direct calculation
in Z4  Z2, it is easy to see that each coset of H0 except for H0x contains exactly four square
roots of z, while every element of H0x is an involution. Hence, as tz is not a square in T1, it
follows that z also has exactly 24 square roots in T1.
Thus t and z have the same number of square roots in T1. Suppose that z ∈ tAut(T ). Then t
and z must have the same number of square roots in T −T1. Now suppose also that Ω1(T ) T1.
Since T − T 1 contains involutions, t must have square roots in T − T1. Hence z must also have
square roots in T − T1. By [At], T − T 1 has only one L-class of elements of order 4 squaring to
a 2-central involution of T : Atlas class 4C. Hence the pre-images in T of all of these elements
must square into zL, whence tz is not a square in T in this case, proving (1). Next suppose that
Ω1(T ) T1. Then, as M has only one class of involutions outside of L, it follows that all such
elements lift to involutions in M , and hence t has no square root in T − T1. Again, since we are
assuming that z ∈ tAut(T ), it follows that z has no square root in T − T1. Hence, if h ∈ T with
h2 ∈ {t} ∪ zL, that h ∈ T1, proving (2).
Let H be the pre-image in T1 of H0. Let E := Ω1(H). As all involutions of E are 2-central
in L, it follows that E is elementary abelian. As T1/H is elementary and T1 contains elements of
order 8, there exists h1 ∈ T1 with h21 = h ∈ H −E. Now by [At], |CT1(h)| 25 and h1 ∈ CT1(h).
Hence H is non-abelian with [H,H ] = 〈t〉. Clearly Z(H) = E. Moreover, E − 〈t〉 is permuted
in two orbits of length 3 by NL(H): zNL(H) and (tz)NL(H). As tz is not a square in T1 by
Lemma 1.3(2), we see that (5) holds.
From the structure of H0〈x, y〉, it follows easily that H0 is the unique abelian subgroup of
maximal order in T 1, whence H is characteristic in T1 and normal in T , completing the proof
of (3). Also, as y acts non-trivially on E/〈t〉, it follows that CT1(E)H 〈i〉, where i is an invo-
lution in the pullback of the coset H0x. As et /∈ eT for e ∈ E, [E, i] = 1, proving (6). Moreover,
|eT |  2 for e ∈ E. On the other hand, suppose f ∈ T with |f T | = 2. If f ∈ T − T1, then
|CT (f )| 27, contrary to the centralizer orders given in [At]. Thus f ∈ T1 with |CH0(f )| 23,
whence f ∈ H . As CH(i) = E = Z(E), it follows that f ∈ E, proving (4).
Finally, (7) is immediate from Lemmas 5.1 and 5.2 of Part III of [GH], which also establishes
that NL(Q)/Q ∼= S3 acts faithfully on A/Z(T ). Hence CT1(A) = CQ(A). As Q/〈t〉 ∼= Q8 ∗Q8,
it follows easily that CQ(A) = A, proving (8). [We remark that we shall only need the following:
Suppose Ω1(T ) T1. Then there exists A T1 with A = CT1(A) ∼= E16 and A normal in S :=
NG(T ). This may be inferred easily by observing that in this case, H 〈i〉 = Ω1(T ) with E =
Z(Ω1(T )). Moreover, |zL ∩ Hi| = 12, whence there exists j ∈ zL ∩ Hi with |jS | = 4 = |jH |.
Thus jS Ej , and setting A := E〈j 〉 gives the desired result.] 
We now collect in the next two omnibus lemmas the facts we shall need in the case when
L/Z(L) ∼= M22. The first lemma deals only with L.
Lemma 1.5. Suppose that L ∼= M22. Let z ∈ T1 such that z generates Z(T 1). Then the following
conditions hold:
(1) every involution of T 1 is conjugate to z and lifts to an involution of T1;
(2) Z(T1) = 〈t, z〉 ∼= Z2 × Z2;
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(4) T1 has a characteristic subgroup Q isomorphic to Z2 ×Q8 ∗Q8, with [Q,Q] 
= 〈t〉;
(5) T 1 contains precisely two elementary abelian subgroups of order 24, A and B . Their inverse
images, A and B , are elementary abelian; and
(6) NL(A)/A ∼= S5 acting transitively on A#, and NL(B)/B ∼= A6.
Proof. As M22 has only one class of involutions and as T1 is not quaternion, (1) holds. By
[GLS3, Table 5.3c], T 1 is isomorphic to a Sylow 2-subgroup of L3(4)〈φ〉, where φ is an invo-
lutory field automorphism. It follows that T 1 has precisely two elementary abelian subgroups of
order 24. Their normalizers also follow from this table, and we may infer that NL(A) and NL(B)
are transitive on the non-identity elements of A, B , respectively. It follows that A and B are
elementary abelian, proving (5) and (6). It remains to prove (2), (3), and (4).
Now, NL(B) is a split extension of B by J ∼= A6, since t is a non-square. Suppose J has an
orbit Δ of length 30 on B . Then CJ (b) ∼= A4 for b ∈ Δ. On the other hand, if P ∈ Syl3(J ), then
NJ (P )/P ∼= Z4, and so [P,B] contains an element b1 ∈ Δ such that CJ (b1) contains an element
of order 4, contrary to the fact that b, b1 ∈ Δ. Thus J splits B# into three orbits with lengths 1,
15, 15. As |Z(T 1)| = 2, this implies (2).
Next, CL(z) is isomorphic to Z2 wreathed by S4. It follows that O2(CL(z)) contains a normal
subgroup Q, isomorphic to Q8 ∗Q8, and Q contains 12 elements of order 4 transitively permuted
by CL(z). If Q1 is a different normal subgroup of T 1 isomorphic to Q, then since T 1/Q1 is
abelian, z ∈ Z(Q1). But T 1/〈z〉 is isomorphic to a Sylow 2-subgroup of A8, and has a unique
elementary abelian subgroup of order 24. Hence Q is a characteristic subgroup of T 1.
Let Q be the pre-image of Q in T1. Then Z(Q) = 〈t, z〉. The transitive action of the normalizer
implies that only one of tz or z is a square in Q, say z. Thus Q/〈z〉 is elementary abelian,
and so Q ∼= Z2 × Q8 ∗ Q8. Let x be an element of order 3 in NL(Q), which is an extension
of Q by Z2 × S3. By [GLS3, Table 5.3c], NL(〈x〉)/〈x〉 ∼= S4. It follows from this and (1) that
NL(〈x〉)/〈x〉 ∼= Z2 × S4. Let U be a Sylow 2-subgroup of NL(Q)∩NL(〈x〉). Then the argument
above implies that U ∼= Z2 × D8. We must have Φ(Q) 
= Φ(U), as otherwise L would be a
splitting extension of 〈t〉 by L. Hence we have shown (3). It follows that any automorphism of T1
leaves t invariant, and so Q is a characteristic subgroup of T1, completing the proof of (4). 
Lemma 1.6. Suppose that L ∼= M22. Let M be any group containing L as a normal subgroup
with M/Z(L) ∼= Aut(M22). The following conditions hold:
(1) Z(T ) = Z(T1) = 〈t, z〉;
(2) let A and B be the subgroups of T1 described in Lemma 1.5(5), (6). Then CM(A) ∼= E25 and
CM(B) = B;
(3) M − L has precisely two conjugacy classes of involutions with representatives u and v.
Moreover, we may choose u,v ∈ CM(A) := E;
(4) NM(E)/E ∼= S5; six involutions of E − A are conjugate to v, and ten are conjugate to u;
and
(5) the pre-image E of E in T is isomorphic either to E26 or to E24 × Z4. In particular, either
u and v both lift to involutions of T , or they both lift to elements of order 4.
Proof. From [At], we obtain the fact that Z(T )  Z(T1). Since Q is normal in T with
[Q,Q] 
= 〈t〉, we conclude that Z(T ) = Z(T1), proving (1). From [GLS3, Table 5.3c], we
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and v so that CL(u) ∼= E23 .L3(2) (split), while CL(v) ∼= E24 .(5.4). Clearly each of A and B
is either self-centralizing or has a centralizer E ∼= E25 . If u ∈ E, then |CNM(E)(u)/E| = 12,
while if v ∈ E, then |CNM(E)(v)/E| = 20. Since |a
NM(E)|  16 for any a ∈ E, it follows that
|NM(E)/E| 320 < |A6|. Thus B is self-centralizing, and (2), (3), and (4) follow immediately.
Finally, E = 〈A,u〉, where u is an element mapping onto u. Since A ∼= E25 , |CA(u)| 8. Then,
since NM(E)/E ∼= S5, we have Z(E)A. Hence E is abelian and (5) follows. 
2. The 2M12 case
In this section we assume that G is a counterexample to the Main Theorem with
L/Z(L) ∼= M12. By our previous reductions, there is an involution t ∈ G with 〈t〉 = Z(L)
and L = F ∗(CG(t)). Hence |CG(t) : L|  2. We let T ∈ Syl2(CG(t)) and T1 := T ∩ L. By
Lemma 1.3(1), (2), Z(T ) = 〈t, z〉, where z may be chosen so that z is a square in T1, but tz is
not. The argument in the next lemma appears in [FiS].
Lemma 2.1. T 
= T1, tG ∩ T1 = {t} ∪ (zL ∩ T1), and there exists a ∈ NG(T ) with a2 ∈ T and
ta = z.
Proof. Suppose first that tG∩T1 = {t}. By the Z∗-Theorem [GG] and Lemma 1.3(5), there exists
x ∈ tG ∩ (T − T1), with CG(〈t, x〉) = V × J , where V = 〈t, x〉 and J ∼= A5. Moreover, NM(V )
interchanges x and tx. By extremal conjugation, there exists g ∈ G with xg = t and CT (x)g  T .
In particular, tg ∈ T − T1. As all such involutions are L-conjugate, we can choose h ∈ L with
xgh = t and tgh = x. Thus NG(V ) induces a faithful S3-action on V . Let b ∈ NG(V ) ∩ CG(J )
with b of order 3 and tb = x. Let z0 ∈ {z, tz} ∩ J . Then (tz0)b = xz0 ∈ xL  tG. But then
tz0 ∈ tG ∩ T1, contrary to assumption.
Hence tG ∩ {z, tz} 
= ∅. As 〈t, z〉 = Z(T1) = Z(T ), NG(T ) acts non-trivially on Z(T ). By
Lemma 1.3(3), T > T1 and tNG(T ) = {t, z}, proving the lemma. 
Lemma 2.2. Ω1(T ) T1.
Proof. Suppose not. Then by Lemma 1.4(2), X := {x ∈ T : x2 ∈ tG}  T1. Let H be the sub-
group described in Lemma 1.4(3). Note that [H,H ] = 〈t〉 and t is not a square in H . Let
a ∈ NG(T ) be as in Lemma 2.1. Then [Ha,Ha] = 〈z〉 and z is not a square in Ha . In particular,
H 
= Ha .
As H is generated by elements of X, so is Ha , whence Ha  T1. Let E := Ω1(H)  T . Then
Ea  T . Let e ∈ Ea −Z(T ). As e ∈ T1, et /∈ eT by Lemma 1.3(4). Hence |eT | = 2, and so e ∈ E
by Lemma 1.4(4). Thus E = Ea  Z(HHa). It follows from Lemma 1.4(6) that HHa = H 〈i〉,
where i ∈ T1 inverting H/〈t〉.
Let w ∈ H ∩ Ha of order 4. As tz is not a square in T1 by Lemma 1.3(2), w2 /∈ Z(T ). Let
j ∈ Ha ∩ Hi. Then wj ∈ w−1〈t〉. Hence z = [w,j ] ∈ w2〈t〉, since [Ha,Ha] = 〈z〉. But then
w2 ∈ {z, tz} Z(T ), a contradiction. 
Lemma 2.3. Ω1(T ) T1.
Proof. Suppose not. By Lemma 1.4(7), (8), Ω1(Q) := AS := 〈T ,a〉, with A = CT1(A) ∼= E16.
Let T2 := CT (A/Z(T )). Then clearly, |T2| 27. If Z(T )b is a coset of Z(T ) in A, then bt /∈ bT ,
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ity holds and A = Ω1(CT (A)). As CS(A) = CT (A), we conclude that Z0 := {s2: s ∈ CS(A)} is
a normal subgroup of S of order 2. Hence Z0 = 〈tz〉. But CS(A)  T and, by Lemma 1.4(1),
tz is not a square in T , a final contradiction. 
As Lemmas 2.2 and 2.3 contradict each other, we have reached a final contradiction in this
case.
3. The 2M22 case
Finally, we assume that G is a counterexample to the Main Theorem with L/Z(L) ∼= M22.
As before, L = F ∗(CG(t)) with Z(L) = 〈t〉. We let T ∈ Syl2(CG(t)) and T1 = T ∩ L. By
Lemma 1.6(1), Z(T ) = 〈t, z〉.
Lemma 3.1. The following conclusions hold:
(1) T ∈ Syl2(G), and no two of {t, z, tz} are G-conjugate;
(2) tG ∩ T1 = {t}; and
(3) there exists s ∈ tNG(E) − {t}.
Proof. Suppose (1) is false. If T < S ∈ Syl2(G), we may choose s ∈ NS(T ) − T with t 
=
t s ∈ Z(T ). On the other hand, if T ∈ Syl2(G), we may choose s ∈ NG(T ) with t s 
= t . By
Lemma 1.5(3), t s = a2 for some a ∈ T1 := T ∩ L. Set b = as−1 . Then b2 = t . Hence by
Lemma 1.5(3), b ∈ T − T1. Without loss, using Lemma 1.6(3), b ∈ E. As E is weakly closed
in T , Es = E. But then bs = a ∈ E ∩L = A, a contradiction. This proves (1). By Lemma 1.5(1),
every involution of T1 is L-conjugate into {t, z, tz}, whence (2) follows from (1). Then the Z∗-
Theorem [GG] and Lemma 1.6(3) implies the existence of s ∈ tG ∩ (E − A). As E is weakly
closed, (3) follows. This completes the proof of the lemma. 
We are now in a position to reach a final contradiction. Let H = CG(t), N = NG(E), N0 =
NH(E). We have N0/E ∼= S5 acting uniserially on E with composition factors of dimension 1,
4, 1. By Lemmas 1.5(6) and 1.6(4), the orbit lengths of N0 on A# are 1, 15, 15, and on E −A are
6, 6, 10, 10. Moreover, |N : N0| = |tN | and |N/E| divides |GL(6,2)|. As tN  {t} ∪ (E −A), it
follows that |tN | ∈ {7,21,27}. In the latter case, |N | is not divisible by 7, but by the Thompson
Transfer Lemma, some N -orbit on E has length 21, a contradiction. As S7 has no subgroup of
cardinality 840, It follows that |tN | = 21 and 27 does not divide |N |. Again using the Thompson
Transfer Lemma, we conclude that N has three orbits of size 21 on E#, and |N | = 2520. It
follows easily (see, e.g. [HaY]) that N/E ∼= A7. But then N/E has a unique class (N0/E)N/E
of subgroups of index 21, each fixing a unique point of E#, yielding a final contradiction. This
completes the proof of the theorem.
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